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We study the maximal number of edges a Cyj-free subgraph of a random graph Gp, p may
have, obtaining best possible results for a range of p=p(n). Our estimates strengthen previous
bounds of Furedi [12] and Haxell, Kohayakawa, and Luczak [13]. Two main tools are used here:
the first one is an upper bound for the number of graphs with large even-girth, i.e., graphs without
short even cycles, with a given number of vertices and edges, and satisfying a certain additional
pseudorandom condition; the second tool is the powerful result of Ajtai, Komlés, Pintz, Spencer,
and Szemerédi [1] on uncrowded hypergraphs as given by Duke, Lefmann, and Rédl [7].

1. Introduction

A classical area of extremal graph theory concerns the asymptotic structure of n-
vertex graphs G =G" that do not contain an isomorphic copy of a given graph H
as a subgraph. A basic problem is to determine or estimate the maximal number
of edges ex(n,H) that such a graph G may have. The answer to this problem is
beautiful: the celebrated Erd6s—Stone Theorem implies that, as n— oo, we have

(1) ex(n, H) = (1 - ﬁ + 0(1)) (Z)

Furthermore, as proved independently by Erdds and Simonovits, every H-free graph
G = G" that has as many edges as (1) is in fact ‘very close’ (in a certain precise
sense) to the densest n-vertex (y(H) — 1)-partite graph. For these and related
results, see [4, 20, 21].

Thus the situation for graphs H with x(H) > 3 is quite well understood.
Unfortunately, the same cannot be said about the case in which we forbid a bipartite
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graph H in our G=G". Indeed, in this case, usually referred to as the degenerate
case, relation (1) only tells us that ex(n,H) = o(n?), and obtaining any further
information on ex(n, H) is usually very hard. To see the level of difficulty here, recall
that an old and very well known unresolved conjecture of Erdés and Simonovits [10]
states that ex(n,Cog) =n t1/k for all k>2. Here, as usual, Cyy, denotes the cycle
of length 2k, and for two functions f and g we write f=<g if f=0O(g) and g=O(f).
Bondy and Simonovits [6] have proved the upper bound of O(n!1/k).

In this note we are concerned with the following variant of the problems
above. For graphs G and H, write ex(G,H) for the maximum number of edges
an H-free subgraph of G may have. Thus, writing K, for the complete graph
on n vertices, we have ex(n, H) =ex(Kp,H). We are interested in ex(G, H) for a
‘typical’ graph G and a fixed graph H, where by a ‘typical’ G we mean the random
graph Gy, p, the graph on n labelled vertices whose edges are independently present
with probability p=p(n). The random variable ex(Gp, p, H) was first considered by
Babai, Simonovits, and Spencer [2] who treated the case in which H has chromatic
number 3 and p is a constant. Here, however, we concentrate on very small values
of p and on the very specific degenerate case focused on in the Erd6s—Simonovits
conjecture, i.e., when H=_Coqy (k>2).

The behaviour of ex(Gp p,C1) was investigated by Fiiredi [12] in relation to
a Ramsey type problem posed by Erdés and Faudree [9]. For general k > 2
Haxell, Kohayakawa, and Luczak [13] showed that, for all p=p(n)=wn~111/(2k=1)
with w=w(n)— 0o as n— oo, we have

(2) ex(Gn,p, Cox) = o(|E(Gnp)|)

almost surely, i.e., with probability tending to 1 as n— oo. Thus, provided p=p(n)
is sufficiently large, we are again dealing with a degenerate extremal problem: even
a fraction approaching 0 of the edges of a typical Gy, p spans a Cyy.

The condition on p = p(n) for (2) to hold, namely, that pn!=1/2k=1) _
as n — oo, deserves a quick remark. A simple first moment calculation gives
that, for p = p(n) = 0(n‘1+1/(2k—1)), the number of 2k-cycles in a typical Gy p
is negligible compared with |E(Gy, p)|. Thus, as a simple deletion argument shows,
we have ex(Gpp,Cor) = (1 —0(1))|E(Gn,p)| almost surely for such a p = p(n)
(a more precise result is described in Section 5). For these and related results
concerning random graphs that we tacitly assume throughout the rest of the paper,
cf. Bollobas [5].

The main result in this paper strengthens (2) by determining ex(Gn, p,Cax)
up to a constant factor for a polynomial range of p=p(n) starting at the thresh-
old n~1+1/(2k=1) (see Theorem 1). Unfortunately, our technique breaks down for p
too far above this threshold, although the situation is better for k=2 (see Theo-
rem 2). As a consequence of our sharp result for small enough p, we may deduce
an explicit bound for ex(Gp p,Cor) improving (2) for the whole range of p (see
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Corollary 3). We remark that our sharp estimates for ex(Gp p,Cor) also imply
that, surprisingly, this function contains a logarithmic factor. In classical extremal
graph theory, a conjecture of Erd6s and Simonovits says that logarithmic factors
do not occur; cf., e.g., [20]. It has already been shown that this conjecture does not
hold for hypergraphs: Frankl and Firedi [11] have constructed a 5-uniform hyper-

graph H with no exponent, i.e., for which there exists no 3 such that ex(n, H) =nP.

Our method for obtaining the upper bound for ex(Gy p,Coy) is based on a
technical lemma concerning the number of certain graphs with no short even cycles.
Let the even-girth of a graph be the length of its shortest even cycle. To estimate
ex(Gp p,Cy) from above, we estimate the number of certain n-vertex graphs with
even-girth larger than 2k and with a given number T'=T'(n) of edges; see Lemma 5
below. On the other hand, we deduce our lower bound for ex(Gy p,Co) from a

powerful result of Ajtai, Komlés, Pintz, Spencer, and Szemerédi [1] on ‘uncrowded
hypergraphs’ as given in Duke, Lefmann, and Radl [7].

The method used in the proof of Lemma 5, coupled with another idea,
gives an estimate for the total number of n-vertex graphs with even-girth larger
than 2k. Theorem 4 gives this estimate. We remark that this result was proved
in Kreuter [18], but while writing this note we were kindly informed that a weaker
form of this theorem was independently proved by Kleitman and Wilson [15]. Kleit-
man and Wilson achieve the same estimate for the number of graphs of even-girth
larger than 2k which, in addition, contain no odd cycles of length smaller than k.
Further enumeration results are proved in [15]; in particular, the long-standing
problems of estimating the number of Cg-free graphs and of Cg-free graphs are re-
solved in [15]. Finally, we mention that further results concerning ex(Gp p, H) are

obtained in Haxell, Kohayakawa, and Luczak [14], and Kohayakawa, Luczak, and
Radl [17].

2. Main results

We state our main results in this section. Recall that we may assume that p
is at least of order n~1TVEE=1)  for otherwise we have ex(Gnp,Cor) =
(1—0(1)|E(Gnp)|- It turns out that our results are best formulated in terms of
the ‘multiplicative excess’ of p=p(n) over the threshold n—1+1/(2k=1)
put

. Thus, we

3) a = a(n) = p/n~ 1 THED,

so that p = an~H1/(2k=1) " Our first result is the following. As usual, for any
graph G, we write e(G) for the number of edges in G.
Theorem 1. Let k>2 be an integer and let p=p(n) =an 11/ (k1) be such that

2<a< nl/(2k—1)2.
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Then

(log a)l/(Qkfl)

(4) ex(Gnp Co) = 2

e(Gn,p)-

For C4 we can show the following slightly stronger theorem, holding for a wider
range of p.

Theorem 2. Let 6 >0 be given and p = p(n) = an~2/3 such that 2 < a < nl/379.
Then
log ) 1/3
ex(Gp, Ca) = %e(cn@).

Unfortunately, the techniques used in the proofs of Theorems 1 and 2 break
down for large p. Nevertheless, for larger p, Theorem 1 implies the following result,
which strengthens (2) above.

Corollary 3. There exists a constant c;, that depends only on k such that, for

p=p(n) Zn—1+1/(2k—1)+1/(2k—1)2’ we almost surely have

ci (log )1/ (26=1)
1/ (2k—1)2 e(Gnp).

eX<Gn,pa Cop,) <

The heart of the proof of the upper bounds in these theorems is a some-
what technical upper bound on the number of n-vertex graphs with even-girth
larger than 2k, a given number T'=T(n) of edges and satisfying some additional
constraints. The precise statement of this lemma is deferred to the next section
(Lemma 5). An idea used in the proof of this lemma first appears in Kreuter [18],
where the following generalization of a theorem of Kleitman and Winston [16] is
proved. For an integer n and a family of graphs £, denote by FORB, (L) the set
of all n-vertex graphs containing no graph from £ as a subgraph.

Theorem 4. [18] Let k > 2 be a fixed integer and put ¢ = 0.54k+ 1.5. Then,
as n— 00, we have

IFORB(Cy, ..., Cop)| < 266m" T/ H(Lo(1))

In Section 4 we include a sketch of the proof of Theorem 4. Note that for k=2,
3 and 5, Theorem 4 is, apart from the factor ¢; in the exponent, best possible

because, for these values of k, there are {Cy,...,Cy }-free graphs with @(nlJrl/k)

edges (see Benson [3] and Wenger [22]) and 2¢x(:4C4--C2i}) s an obvious lower
bound for |FORB,(Cy,...,Co)|. For general k we remark that a conjecture of

Erdés and Simonovits [10] states that ex(n,{Cy,...,Coz}) =Q(n1T1/k).
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It is crucial for the proof of Theorem 4 that the graphs under consideration
contain no small even cycles. A special case of a more general conjecture of Erdés
(cf., e.g., [8]) states that in fact

nl+1/k)

(5) |FORBy, (Cyy)| = 29

should hold. In the forthcoming paper of Kleitman and Wilson [15], inequality (5)
is proved for k=3 and k=4.

3. Proofs

3.1. Proof of the upper bounds

The proofs of the upper bounds in Theorems 1 and 2 are based on a technical
lemma, which we shall now state. It gives an upper bound for the number of n-
vertex graphs with a given number T'=T'(n) of edges, even-girth larger than 2k, and
satisfying a certain pseudorandom condition, i.e., a condition satisfied by certain
random graphs. The pseudorandom condition is introduced to allow us to obtain
a bound that takes into account the number of edges T

For given integers n and T and a set of graphs £, define f(L£,n,T) to be the
number of graphs on n labelled vertices with 7" edges and not containing any graph
from L as a subgraph. We want to bound f({C4,Cs,...,Cor} ULk, n,T), where Ly,
is a certain finite family of ‘dense’ graphs.

The families £}, (k>2) are defined as follows. We first put Lo =0. For k>3,

we let £, be the set of all graphs H on at most (4k)* vertices satisfying

1 1 -t
e(H) > <1 %1 (2 1)2> o(H),
where v(H)=|V(H)| and e(H)=|E(H)|.

For any fixed k > 2, if p < n*1+1/(2k*1)+1/(2k*1)2, the expected number of
graphs from Ly in Gpnp is o(1). The following lemma will therefore enable us

to prove an upper bound on the number of {Cy,...,Cy }-free graphs that are
subgraphs of a typical Gy, p for such a p=p(n).

Lemma 5. Let an integer k > 2 be fixed. Define the constants ¢; = 2(8k)%,
1/(2k—1)
o = (z(kq)(szc)%/(qu))

Bntt1/(2k=1) be apn integer. Then, if c¢q <ﬁ<02(logn)1/(2k_1), we have

and ¢ = 24/(13(8k)8**1), and let T =

2 T
J{C4y...,Cop} ULy, n,T) < <% exp{—gﬁ%—l}) ’



106 Y. KOHAYAKAWA, B. KREUTER, A. STEGER
and, ifﬁZCQ(logn)l/(%*l), we have

T
k+1
FHUCy, ..., O} U LE,n,T) < (467;% ) exp {Efl(n log n)1+1/(2k71)} )

The proof of Lemma 5 is postponed until Section 3.3. From the first part
of Lemma 5 we may easily deduce the following theorem, which proves the upper
bound of Theorem 1.

Theorem 6. For any given integer k > 2, there exists a constant Cy = Cy(k) such
that the following holds. Suppose o = a(n) > 2 is such that a < n'/13 if k =2
and a<nl/k=1? jf >3 Let p=p(n,a)=an Y@= Then with probability
1—o(n~ Y@1Y we have

(6) ex(Gn,p, Cop) < Con' T/ Zk=1) (1og )1/ (2k-1)

Proof. Observe first that it is enough to prove the theorem for o > ag for some
constant ag. When this case is settled, the theorem follows from the fact that
ex(Gp p,Cyy) is increasing in probability with respect to p and by suitably altering
the constant Cj.

Choose C such that %ngk_l =1 and g such that Co(% logao)l/(%*l) >cq,
where ¢ = e(k) and ¢; = ¢j(k) are the constants from Lemma 5. Let a = a(n)
and p=p(n,a) be as in the statement of our theorem. Before applying Lemma 5
we first show that with high probability G}, ; does not contain too many even cycles

of length at most 2k —2. The expected number of these cycles in Gy, p is bounded
from above by

k=1 21 2(k—1)

n= o 1/(2k—1)+1/(2k—1)2 ) 2 _

< = .

Z b= <n ) o(n)
=2

Now let ﬂ:C(](% loga)l/(%*l) and T=Bn!t1/(2k=1)  Then, by Markov’s inequal-

ity, with probability lfo(nfl/(%*l)) our Gy, p contains o(T") even cycles of length
at most 2k —2.

Now, one may check that ﬂ:C’g(%loga)l/(%_l) <co(logn)/(R=1) where ¢y
is as defined in Lemma 5. Hence, by the first case of that lemma, the expected
number of {Cy,...,Cor} ULg-free subgraphs of Gy, , with T' edges is

f({Cu,...,Cop} U Ly,n, T)p"

n? 1 r
< <— exp {—§€C§k1 log a} om_H'l/(zk_l))

T
1 T
< _ o(n-1/@k=1)y
= (Co(%loga)l/(zk_l)> o(n )
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Thus with probability 1 — o(n =1/ 2k=1)) every Gn,p (i) contains o(T) copies of
graphs from £, (this follows again from Markov’s inequality and the remarks of the
beginning of this section), (i) contains o(T') even cycles of length smaller than 2k,
and (44) contains no {Cy,...,Co}UL-free subgraph with T" edges. To finish the
proof, we simply observe that a graph satisfying (i), (i7), and (iii) above cannot
contain a Cy-free subgraph with T+ Q(T') edges: if H is such a subgraph, by (1)
and (#) we are able delete some edges from H to obtain a {Cy,...,Cox} U Ly-free
subgraph of Gy, » with T edges, contradicting (44). ]

Proof of Corollary 3. We can assume that p = O(n*1+1/k+1/(2k)2) for otherwise
the statement follows because of the deterministic bound ex(n, Cap) = O(n1 /).
In order to be able to apply Theorem 6 we write G, as a union of random
graphs with smaller edge probability. So let p; = n I/ 2k=1)+1/(2k=1)? 4p4q
define [ to be an integer such that (1—p;)! =1 —p holds (approximately). Then
l= O(nl/(%*l)). If we let p; =p;1 for i=2,...,l, we can write our random graph

as Gnp= Ué:1 Gnp;- Let H be an edge-maximal Cyg-free subgraph of Gy, p and
define H; =H NGp p,. Then the following inequalities hold almost surely:

e(H) _ i1 e(Hy)
e(Gnp) = S (e(Gpy) = Xh—i1 €(Grp: N Grp;))
< 250 e(H)
T Y1 e(Gp)
max 26UH)
T G(Gn,pi)
—0 {(logn)l/(2k—1)n—1/(2k—1)2}.

The second inequality follows from properties of the binomial distribution taking
into account that Ip; =o(1). The last inequality follows from Theorem 6 because [ =

O/ (2k=1)), 1

Using the second part of Lemma 5 we may easily deduce the following theorem,
which proves the upper bound of Theorem 2.

Theorem 7. For any 0 >0, there exists a constant C = C() such that, for all p <

n*1/3*5, almost surely

(7) ex(Gnp, Cy) < Cn4/3(log n)1/3.

Proof. For given §, choose C'=max{1/ed,ca}, where ¢ and cg are as in Lemma 5.
With 7' = Cn*/3(logn)'/3 it follows from Lemma 5 that the expected number of
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spanning, Cy-free subgraphs of Gy, p with T' edges is

4en3 oo — _ T 4e T
f({C’4},n,T)pT < <W861 E™n 1/3 6) = (W) = 0(1),

and the result follows. |

3.2. Proof of the lower bounds

The following theorem implies the lower bounds in Theorems 1 and 2.

Theorem 8. For any given integer k> 2, there exists a constant C1 =C1(k) >0 such
that if a=«a(n)>1 and p=p(n,a) =an~11/(k=1) <1 then almost surely

(8) ex(Gp, Cop) > C’1n1+1/(2k_1)(log oz)l/(%_l).

We start by quoting a version of the result of Ajtai, Komlds, Pintz, Spencer,
and Szemerédi [1] given by Duke, Lefmann, and Rodl [7]. A hypergraph is called
linear if two hyperedges share at most one vertex. As usual, the maximum degree
of a hypergraph H is denoted by A(H).

Theorem 9. Let > 1 be an integer and let H be an (r + 1)-uniform hypergraph
on N vertices. Assume that (i) H is linear, and (ii) A(H) <t" for some t > 1.
Then 'H contains an independent set of size at least

N
ch(logt)l/r,

where ¢, is a constant only depending on .

Theorem 8 follows easily from Theorem 9.
Proof of Theorem 8. Note that the lower bound stated in the theorem only changes
by a multiplicative constant as we change the power of n in . Hence it is enough
to prove the theorem for all « satisfying 1 <a<n® for some & >0. For larger , the
theorem then follows again by monotonicity.

So consider Gy, where p = p(n) = an /=D and o = a(n) > 1.
Since e(Gpp) = (1/2 + 0(1))an 1/ =1 almost surely and G, almost surely
contains at most n2¥p?¥ /(2k) cycles of length 2k, in the sequel we condition on

these two events. Define a 2k-uniform hypergraph H on the edge set of Gy p
putting 2k edges of G p in a hyperedge if they form the edge set of a Cop, C Gy p.

The number of hypervertices e € E(Gpp) in H with degree dy(e) larger than
4% 2k x |E(H)|/|V(H)| < 8n?k2p2k—1 = 8a?k~1 is smaller than e(Gy,p)/4. Tt is
easy to verify that, e.g., for 6 <1/(8k2), if a<nd then almost surely
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(*) the number of pairs of hyperedges intersecting in more than one vertex is
smaller than e(Gpp)/4.

Assume that (*) does hold for our Gy p. Then clearly there is a spanning
subgraph G’ C Gy, p such that the corresponding subhypergraph H' of H on E(G’)
is linear, has maximum degree at most 8a?*~1, and has at least (1+0(1))e(Gpp)/2
hypervertices (i.e., there are at least (1+0(1))e(Gp,p)/2 edges in G’). By Theorem 9,
we have that H' has an independent set of size at least

!/
0 { L2 tog(20) 251 = 0 (/1) g )28

concluding the proof of (8). ]

3.3. Proof of Lemma 5

This fairly long section is entirely devoted to the proof of Lemma 5. We start
with a simple lemma that is used later to show that graphs with large even-girth
have a certain expansion property.

Lemma 10. Let H be a graph containing no even cycle of length at most 2k and
let v, x, and y be distinct vertices such that x and y are both at distance | < k
from v. Then there cannot exist a 2-path in H of the form xzy with z having
distance at least | from v.

Proof. Suppose to the contrary that there exists a vertex z as specified in the
statement of the lemma. Let xzy...2;_12;=v and yy;1...y;_1y; = v be shortest
paths in H from = and respectively y to v. Because z is at distance at least [ from v,
it has to be different from the vertices on these two paths. If z; is the first vertex
from the first path also contained in the second path then the fact that both paths
are shortest paths implies that z; =y;. Hence, zx1...2;(=y;)yj—1...y1y27 is an
even cycle of length 2j+2 <2k, which is impossible. |

We may now prove an expansion property of graphs with large even-girth.
Given a graph H, a vertex v in H, and an integer [ > 1, write FE (v) for the set of

vertices of H at distance [ from v. Denote by d(v) the degree of the vertex v.

Lemma 11. Let H be a {Cy,...,Cop}-free graph with minimal degree d and sup-
pose v is a vertex in H with degree d(v). Then for all integers | <k we have

T} (0)] = d(v)(d - 2)" 1.

Proof. The case [ =1 is trivially true. Let [ < k and suppose that the lemma is
true for [. First observe that for a vertex weT'j(v) at least d(w)—2 of the vertices
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adjacent to w are at distance [+1 from v: by Lemma 10 (with z=w) there can be
at most one neighbour of w at distance [ —1 from v and at most one neighbour at
distance ! from v. The remaining, at least d(w)—2 many, neighbours of w are at
distance [+ 1 from wv.

On the other hand, again by Lemma 10, two such vertices u, wEFE(v) cannot
have a common neighbour in T (v). Therefore, [T, (v)|>|T(v)|(d—2) and the
lemma follows by induction. [ |

Next we prove an upper bound for the number of (2k —2)-walks that may join
two vertices in an Ly-free graph G (k> 3). Here we do not attempt to give a best
possible result, as any bound that is independent of the number of vertices in our
graph G will suffice for our purposes.

Lemma 12. Let k>3 and the set L, be as defined before Lemma 5. If G is an Lj-
free graph then for any two vertices x and y in G there are less than (4k)8k different
walks of length 2k —2 from x to y.

Proof. Suppose to the contrary that there are two vertices x and y in G such that
there are at least (4k)8* different (2k—2)-walks from z to y. Let L be the subgraph
of G spanned by some (4k)8% of these walks. If L contains e(L) edges then they
can form at most e(L)?#~2 different (2k — 2)-walks and therefore

e(L) > (4k)3F/Ck=2) & (41)*,

Now write the edge set of L as a union of the edge sets of (2k —2)-walks such that
no walk is completely contained in the union of the others:

l
(9) E(L) = B
=1

where E; is the edge set of the ith walk, and E'(L)# Uj# E; for any i. Obviously [ >

e(L)/(2k —2) > (4k)3, because every walk can contribute at most 2k —2 new edges
to the union in (9).

Let H be the union of some (4k)3 walks from z to y. Then H has at most (4k)*
vertices. Now, suppose we ‘build’ H by adding one walk at a time. Suppose i > 2
and the ith walk adds y; new edges to H. Then it can add at most y; —1 new
vertices. Observing that y; <2k —2, it follows that

o(H) _ 2+ in’?S(yi —1)
e(H) = 5 WP

i=1 Yi
_2+ (4k)3(2k — 3)
— (4k)3(2k —2)
1 1
S 2%k—1 (2k—1)%

<1
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implying that H is a graph from Lj, which is impossible. [ |

The next crucial lemma singles out the key combinatorial idea in the proof of
Lemma 5.

Lemma 13. Let integers n >2, k>2, T > 1, and 4 <d < 2T/n be fixed. For an
integer 4<t<d, let

ot
(10) v(t) = v(n,d, k,t) = (1— (d— 3% 2) 7 !

(4k)Skp d—3)k-1

Suppose G’ is a {Cl4,...,Co } UL -free graph on n—1 vertices with T —d edges and
minimal degree at least d— 1. Then, under the restriction that no even cycle of
length at most 2k should arise, there are at most

(11) 22 @ <ZV—(? >

ways of adding a new vertex v of degree d to G’.

Proof. Let G/, d, and v be as in the statement of the lemma. Assume for the
moment that the neighbourhood T'(v) of size d of the new vertex v is fixed, and
that an integer 0<t<d is given. Following the ideas of Kleitman and Winston [16]
we shall show that
(1) for any choice of T'(v), there exist vertices vi,...,vt in I'(v) such that the
remaining d —t neighbours of v have to be in a set of size at most nv(t).
Roughly speaking, every time a vertex vy from the neighbourhood of v is
chosen, certain other vertices become “forbidden” as neighbours of v, since joining v
to both vy and a “forbidden” vertex creates an even cycle of length at most 2k. It
is clear that assertion (f) proves Lemma 13.
We now prove (f). Thus let I'(v) be fixed, and assume that the neigh-
bours vy,...,vp (0</<t) have already been found. Denote by Z, the set of eligible
vertices for vy, namely, the ones that have not been forbidden by v1,...,vy. Note

that Zg is by definition the whole vertex set of G’. Set
G = 12l

Call a (2k —2)-walk zgx1...295_o a composed walk if xg # xop_o and zg...xp_q
and xj_1...T9._o are shortest paths in G.
Now we order Z, and then select vy ; from among the elements of Zy in such a

(£)

way that many vertices will then be forbidden: let z;” be a vertex from Z; joined to

O

the greatest number of vertices of Z, by a composed walk, and inductively define z j

for 2<j<|Zy| to be a vertex from Zg\{zge), ey zj(f_)l} joined to the greatest number
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of vertices of this set by a composed walk. If 7 is the smallest index such that zy)

()

is in the neighbourhood I'(v) of v, then define vy1 1 to be z; /. Furthermore, set

k—1
J4 l =
X =2z, 2, e=1X], and Zgy =X\ | Dyjluen),
j=1
where fgj (vgy1) is the set of vertices that can be reached from vyy; by a path of
length 27.
In order to obtain an upper bound for (41 = |Zs41|, we first estimate the

number of composed walks whose starting and end points are in X. For a vertex u €
V(G"), let q, denote the number of vertices in X at distance k —1 from u. By

Lemma 11,
Yo oau= Yy M@ =&d-3)"

ueV(G") xeX

Putting together two shortest paths of length k — 1 starting at the same
vertex u €V (G') and ending at some pair of distinct vertices of X yields a composed
walk. Therefore the number of such walks is at least

3 <q2u) > (1) <5(d - 3)’“;1/(11 - 1>>

ueV(G)
_Gd=3)f Tt fgd -3t
- 2 n—1 ]

By the definition of vy, there are at least

B (e (2

ueV(G")
composed walks starting from vy ;.

If 0o 1yt Yk—1(= Yp_1)¥)_o---y12 is a composed walk, then z cannot be

a neighbour of v: this is because such a walk is composed of two shortest paths
and if y; is the first vertex from the first path occurring also in the second path

then y; :yé. Hence there is a path of length 2j between vy, and z and an edge
between x and v would complete a cycle of length 2j+2 <2k, which is not allowed.

For k>3, by Lemma 12, at most (4k)8k composed walks can start at vp; 1 and
end at z, for any vertex x. For k=2, no two composed walks starting at v,4; can
have the same endvertex, for otherwise a C4 would arise. Therefore, there are at
least

d—3)"1 [¢(d—3)+!
(12) ( (4k))8k ( ( n_)l 1)
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vertices in X which can be reached from vy4; by a composed walk. These vertices
cannot share an edge with v and hence

_g)k—1 _ayk—1
Gor <6 U8 (S92 )

(4k)8k n—1
(d_3)2k—2 (d_3)k—1
= (l " R - 1>> e
d732k72 d73k71
<¢ ( RO ) P

Using that (g=n—1, it follows by induction that

d — 3)2k—2 ¢ n
G <n (1 — ( (4k))8kn ) + (df3)k*1 = nv(f).

Thus () follows. As observed above, Lemma 13 follows from (). |

We are now in position to prove Lemma 5.

Proof of Lemma 5. We shall prove Lemma 5 by applying Lemma 13 recursively.
Given a {Cy,...,Cop }ULp-free graph G on n vertices, let v, be a vertex of minimal
degree. Remove it and let v,_1 be a vertex of minimal degree in the remaining
graph, and so on. For simplicity, let d; denote the degree of v; in the graph

G\{vi11,.--,vn}. Then by a recursive application of Lemma 13 we obtain
(13)
n
: di k,t)
Cuy.. o, Cop} ULy, T) < 3" i (") (" :
F(Ci .. Co) U Ly, >_Z{nn IT |min, (7)("0 %
(ds) i=1
Here,

(d; 3)2“>t 1
(

dik,t)y=1[1—
V(n7 1y vy ) < (4]{7)8kn + dl—3)k’—1

is as defined in Lemma 13, the sum is over all non-negative integer vectors (d; )1<j<n
such that dj +...+d, =T, and the minimum is defined to be 1 if d; < 3. Note
that the factor of n! takes care of all the possible orderings vy, ...,v, of the vertices
of G. The factor n3" takes care of all the indices i such that d; <3. Indeed, for any
such ¢, the number of ways v; can be added to G\ {v;,...,vn} is trivially bounded
by (5) <n’.

Our task for the remainder of the proof is to massage (13) to deduce Lemma 5.
Unfortunately, this will entail some fussy and somewhat tedious calculations.

Before we start, observe that for “small” d;, the first term in v(n,d;, k,t) is
the larger one, whereas for “large” d; the second term dominates. To be able to
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distinguish between these two cases, we introduce a value dgy for which both terms
are roughly equal at t=dg/2. More precisely, let dg >4 be such that

2k—1
dO

(14) S CRE = (k —1)log(dy — 3).

2k—1)

Note that the order of magnitude of dgy is (nlogn)l/( More precisely, for n

sufficiently large we have

ca(nlogn) /=1 < dy < (8k)® (nlogn)/ (kD).

where ¢ is as in the statement of Lemma 5. Now define (for each n) the functions

21,216
g1(z) = (8k)87k+1n

and
1 do 1
g2(z) = (k — Dzxlogz — ikdo logx — o> <(k: —2)logdy — <1 - E) log(dg — 3)),

and let
g1(z) if1<z<dy
g(x) = .
go(xz) if dp <z
We claim that for all 1<d<n we have

. (n\ (nv(n,d k,t) den I —g(d)
(15) i, () ("G ) < (5F) e

where v(n,d, k,t) is as in (10) and the minimum is defined to be 1 for d<3.

From inequality (15) the proof of Lemma 5 is easily concluded: the only
missing observation is that the function g is convex. This is obviously true for gq
and go. So the only interesting case is the point x =dy. Here it suffices to check
that g1(do) =g2(do) and ¢/ (do) <g4(dp). This is easily verified using (14).

The convexity of g and Jensen’s inequality imply that

d;
) o ()

o\ T
< nom" <4en ) efng(T/n)’ (16)

FHCy, ..., Oy UL, n,T) < n4nZH <4§n

T

where the sum is over all vectors (d;)7' ; of non-negative integers d; with
di+...+dn, =T, and the product is over all 1 <¢<n with d; >4. The statement
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of the lemma is easily deduced from (16) by distinguishing two cases according to
the size of T'/n.

Now we go back to the proof of inequality (15). The cases d=1, 2, and 3 are
easily checked. For d >4 we first observe that, from the definition (10) of v, we
have

d2k’—2t —(k’—l)
(17) nv(n,d, k,t) < 2nmax ¢ exp ~ R ,(d—3) .

Consider first the case in which d<dy. Here we set t=|d/2]. By the choice of dp,
the maximum in (17) is attained by the first term. Therefore,

(n) (mj(n,d, k,t)> _ (L n )<2n exp{_d%—l /(4(8k)8kn) })

t d—t /2| /o]
en \ [4/2] [ 2enexp {7d2k71 /(4(8k)8kn> } [d/2]
< (5721) o

den\ L92) 7 4on b1 gk [d/2]
S(T) <7€XP{—CZ / (acsk) ”)}>
_ 4€—n d B 2d2k’
=\"d ) P @, (¢

We now turn to the case d>dy. Here we use t=[dp/2]. Then the maximum in (17)
is attained by the second term (this follows from (14)). Hence,

) = Gae) ()
on O\ [d0/2] on d—[do /2] (k=1)(d—[do/2])
W) (dk—l(dz— [ do/ﬂ)) (%)

< (46_”>ddd2dd—do/2 < 1 >d[d0/2] o3k
S\ ’ d*=1(d — [do/2])
d—T[do /2]
( )

2+3k

d
46_”) 9= g0/ gd~(h=1)d-+kdo /2~ [do /2] k1 <3

d
- (46_”> g~ (k=1)d+kdo /2

completing the proof of inequality (15). Lemma 5 is therefore proved. |
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4. Proof of Theorem 4

We start by stating Lemma 14, which will enable us to prove Theorem 4. To state
our lemma, let hg(n,d) be the number of n-vertex graphs with minimal degree at
least d and even-girth greater than 2k.

Lemma 14. Let k > 2 be an integer. Then there is a constant c3 = c3(k) > 0
depending only on k such that, for all integers d>4 and all sufficiently large n, we

have
hg(n,d) <nhg(n—1,d—1) min m\ ()
RUD )= Tk ’ 4<t<d \t ) \d—t)’

t
(d — 3)Fk-1) 1
18 t) = ydk,t)=11— + .
(18)  u(t) = p(nd k1) ( - g
We now prove Theorem 4 assuming Lemma 14.
Proof of Theorem 4. To prove the theorem, it is enough to show that there exists

a constant ng such that, for all n>ng, we have

og |.7:ORB7L(C4’ sy CQk’)‘
| FORBp-1(Cy, ..., Cop)|

(19) 1 < (log 2)ckn1/k.

Any {Cy,...,Co }-free graph on n vertices with minimal degree d may be obtained
from a {Cy,...,Cy }-free graph on n— 1 vertices and minimal degree at least d— 1

by the addition of a vertex of degree d. For d < cknl/k/ logn, inequality (19) follows
from the fact that log {n(g)} Scknl/k for any sufficiently large n.

So let us from now on assume that dzcknl/k/logn. With

k—1
to = ’Vcsn logn _ O{(logn)k(k—l)—&—l}’

(d — 3)k(k71)

Lemma 14 yields that

|FORB,(Cy, .. .,C’gk)|) < log (n<n> (n,u(n,d,k,tg)))

TFORB,_1(C4,...,Cap, to d—to
k—1
< log <n1+t0 (to 1+ ”il(d— 3) ))
dk’—l
=(14tg)logn+ (1+0(1))log (n/ 4 )
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As (14tg)logn = o(n/*), we only need to estimate the second term. With z =

dn~1/k , using Stirling’s formula one sees that

k—1 _
log <n/cﬁl ) < < k—ll {(1- 2¥)log(1 — zF) 4 2F logxk}> nt/k.
x

The first factor is easily seen to be smaller than (log2)(0.531k + 1.45) (e.g., by
considering the Taylor series of this function). Hence Theorem 4 is proven. [ |

It now remains to prove Lemma 14. One may prove this lemma following the
proof of Lemma 13, and suitably altering a step in that proof.

Proof of Lemma 14 (Sketch). Only once in the proof of Lemma 13 is it needed
that the graphs under consideration are Lj-free, namely, in the derivation of in-
equality (12), where Lemma 12 is applied to give an upper bound for the number
of composed walks of length 2k —2 between two vertices. To show an analogue of
Lemma 12, fix two distinct vertices z and y in a {Cy,...,Cy }-free graph G with
maximal degree A=A(G). We shall prove that

( 1) there is a constant ¢ =c3(k) such that the number of different (2k—2)-walks
from x to y in G is at most c3AF~2,

Denote by d(z,y) the distance between the vertices x and y in G. We
first consider the case in which d(z,y) > k. To construct a (2k — 2)-walk
(x =)xox1...29k_9(=y) in G, choose first k indices 0 < iy < ... < i <2k—3
such that

k>d(x;,,y) =d(x;,+1,y) + 1for p=1,... k.

Observe that by Lemma 10 (with z=;,), the vertex z;,11 is uniquely determined
once zj, is chosen. For an index j not among these k indices, there are at most A
choices for x;;1 for a given vertex x;. Hence, in total, there are at most

2k —2
Ak72
()
(2k —2)-walks from z to y.

For the case when d(z,y) < k one has to use in addition that, again by
Lemma 10, for a given x;, there is only one choice for z; 1 if d(xj,y) =d(xj11,y) <
k. The number of walks containing a vertex x; with d(z;,y) >k is estimated as

in the first case. For the other walks, partition the index set {0,1,...,2k —3} into
three sets A, B, and C such that

d(xipay) = d(ﬁip+1,y) -1 for peA,
d(zj,,y) = d(zj,+1,y) for pe€ B,
d(mmpay) = d($mp+1,y) +1 for pecdC.
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Then, |C|—|A| =d(z,y) > 1 and, consequently, |A] <|C|—1<k—2. Hence, the
number of all (2k —2)-walks from z to y in the second case is bounded from above

by
2k — 2\ ko 2%k — 2 k—2
A A% < eaA
< k ) +Z<a’b70) _03 ’

where the sum is over all triples (a,b,c) of non-negative integers with a+b+c=2k—2
and a <k—2, and c3 =c3(k) is a suitably chosen constant. Thus (f) follows. Actually,
it would have been enough to bound from above the number of composed walks
between two vertices, but this is not much easier than bounding the number of
(2k — 2)-walks.

To apply (1), we use that A <n/(d—3)*~1, which follows immediately from
Lemma 11. Following the notation of Lemma 13, we have shown (instead of (12))
that there are at least

(d—3)F1 (f(d k-t 1) L (a3t (f(d ! 1)

c3Ak—2 n—1 cgnk—2 n—1

vertices in X that can be reached from wyy; by a composed walk. With this
modification, Lemma 14 may now be proven in the same way as Lemma 13. [ |

In order to prove (5), i.e., to get rid of the smaller cycles, one could make use
of an analogue to Lemma 11 as proven in [6], where only Cyy, is forbidden. However
composed walks that are not self-avoiding are useless now and substantially new
ideas would be needed in order to prove that sufficiently many composed walks are
not self-avoiding.

5. Concluding remarks

In the case in which p=p(n) is such that pn~1H1/(2k=1) = O(1) and pn — oo, we

may actually determine ex(Gp, p,Cay) more precisely as follows. Clearly,
(20) Vok(Gnyp) < €(Gnyp) — ex(Gnp, Cog) < 2kvog (G p),

where v (G p) denotes the maximal size of a pairwise edge-disjoint family of copies
of Oy, in G p. For this range of p by Theorem 4 from [19] (or more precisely, by
the remarks to this theorem), we almost surely have

(21) vok (Gnp) < n%p%.

Inequalities (20) and (21) determine e(Gp, p) —ex(Gn p,Cox) up to a multiplicative
constant.

It would not be hard to weaken the upper bound on o= a(n) in Theorem 1
very slightly. Here is how: one could allow a larger constant in the statement of
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Lemma 12 and then £ could be defined slightly differently. However, with these

1/(2k—1)(2k—2)—0o(1) only.

small changes our arguments give (4) for a=«a(n) up to n

It would be very interesting to determine ex(Gp p,Car) up to a constant factor
for a much wider range of p=p(n) than the one given in Theorem 1. We have no
guess as to the behaviour of ex(Gy p,Coy) for reasonably large p=p(n). For this

case we only know Corollary 3 and the trivial inequalities
(L4 o0(1))pex(n, Co) < ex(Gn p, Cox) < ex(n, Co).

The case p constant and k=2 is already mentioned as an open problem in Babali,
Simonovits, and Spencer [2].
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